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Q1 — solution
1.(a) Given X ~ U(0,1). Define g(x) as the area the square such that;

Area = g(x) = X?
1
E(3(X)) = [ (x)fx(x)dx

E(X?) = /1 eax = Lof
0 3

0

= —sg. units
3 q

1.(b) If X; ~ Poi(A;), then it moment generating function, m.g.f, is Mx(t) = elhi(e'=1)],

Since the variables are independent, we have;
My = MXl(t) . sz(t) ceut Mxn(t)
frd e[/\l(et_l)] . e[/\Z(et_l)} e e[/\n(et_l)]
— elMHAot A (e 1))

T A1)

Sorig Xi ~ Poi(X ] A)

1.(c) Given a density function, one way to solve this is to use the method of transforma-
tion.

Let y = g(x) = 1. The density of g(y) can be computed as;
dx

B FV)

g(y) =

where W(y) is the inverse function of g(x).
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.8 (%) = Gamma(n +2, )

Q> — solution

This is clearly a Bayesian problem. Define D as an event that a subject has the disease;
T be event that a subject’s test result returns positive, and the event that a subject’s test
result T~ returns negative. Thus far, we proceed with the following pieces of information;

P(D) = 0.015 (prevalence)
P(T"T|D) =0.97 (sensitivity)
P(T7|D’) = 0.95 (specificity)

2.(a)  i. We partition T into T and T~. Thus,
P(T*|D) = P(D)P(T*|D) 4+ P(D")P(T*|D')

= 0.015 x 0.97 + (1 —0.015) x (1 — 0.95)
= 0.905975

ii. We're interested in P(D|T™), the probability you have the disease given you
tested positive to the disease. Using the Bayesian formulation, we proceed as
follows:

P(D)P(T*|D)
P(D)P(T+|D) + P(D')P(T*+|D’)
~0.015 % 0.97
~0.905975
= 0.0161(1.61%)

P(D|T") =

2.(b) P(A) =0.40,P(B) = 0.10, P(C) = 0.50
Let D be the event that a defective product is produced

P(D]A) = 0.02
P(D|B) = 0.03
P(D|C) = 0.04

P(D) = P(A)P(D|A) + P(B)P(D|B) + P(C)P(D|C)
= 0.40(0.02) 4 0.10(0.03) + 0.50(0.04)
= 0.031



. A A
ii. . P(A|D) = ZAZPIA) — 0405000 _ &
B P(BID) = “Ehi ) = S5 = 5
P(C)P(D|A
~. P(C|D) = ( 1)3(1())\ ) _ 0'55).5301'04 =2

3.(c) Using Matrix approach, Let = XB + € such that;

B=(X'X)"X'y

1 5 1

XX=15 6 10
1 1 6 . : :
1 10 6

10 70 40

= |70 514 298

40 298 194

22179 —0.3374 —0.0610

(X'X) 1= (0.3374 0.0691 0.0366)

—0.0610 0.0366  0.0488

60
X'y = [ 449
264

22179 —-0.3374 —0.0610 60
B: —0.3374 0.0691  0.0366 449
—0.0610 0.0366  0.0488 264
—2.3146
= | 1.1195
0.1098

- = —2.3146 + 1.1195X; + 0.1098X,



Q3 — solution
3.(a) i

o0 [0 2x|x| 2 2x|x|
/_ooxf(x)dX—/_l—S dx+/0 - dx

0 2
E(X) = 2 x*dx + é/o x>dx
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Var(X) = E(X2) — [E(X)]2

0 2x2|x]| 2 252 |x| 142
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__1x4° +1x42_ 14\ 2
107 |, 107 |, 15
_ 116 14\ 17 19
10 10 15) 10 225
_ 95
102
3.(b)

$, —l<x<38

Y ~U(-1,8) =

0, otherwise

For the equation 2x% 4+ 4Yx 4+ 3Y 4+ 2 = 0 to have real roots, the *discriminant*
must be non-negative, thus;

V> —4ac >0 = (4Y)>—4(2)(3Y +2)>0
— 16Y? —24Y +16 > 0

— 2Y2-8Y +2>0

— Y >2 or YS—%



Using the probability density function above, and the idea of mutually exclusive
events, we have;

P(Y <2 UY22)=P(Y < —2)+P(Y 22)

3 8
= [" Ay + [ fw)ay
1,1

“5(3 16

13
)

3.(c) Note that the moment generating function for the Exponential distribution is given

as Mx(t) = %, t < A. Comparing this with the above function, we may infer
that;

%e_%)‘t, E< A
0, otherwise
i. The cumulative density function for the Exponential distribution is thus;
1-F(x)=e M, t<A

- P(X >Tnd) = e 2104 =

ii.




